In this paper, we investigate the existence and multiplicity of positive solutions for a singular second order scalar Sturm-Liouville boundary value problem with different values of λ for a function f involve u by applying the Krasnosel'skii fixed point theorem on compression and expansion of cones.
Introduction
In this paper, we consider the following Sturm-Liouville boundary value problem u (t) + λg(t)f (u(t)) = 0,
αu(0) − βu (0) = 0, γu(1) + δu (1) = 0,
where α > 0, β > 0, γ > 0 and δ > 0 are all constants, λ is a positive parameter and f (·) is singular at u = 0. The existence of positive solutions of singular boundary value problems of ordinary differential equation has been studied by many researchers such as in [1, 3, 4, 5, 10, 11, 12] . Agarwal and Stanek [1] established the existence criteria for positive solutions of singular boundary value problems for nonlinear second order ordinary and delay differential equations using the Vitali's convergence theorem. The nonlinearities may singular at phase variable and positive solutions pass through the singularities. In [5] , Gatica et al. proved the existence of positive solution of the problem (1) - (2) with λ = 1 and g(t) = 1 using the iterative technique and fixed point theorem for cone for decreasing mappings. In [11] , Wang and Liu proved the existence of positive solution to the problem (1) -(2) using the Schauder fixed point theorem.
In [4] , Erbe et al. established some criterias for the existence of positive solutions for certain two point boundary value problems for singular nonlinear second order equation on time scale T
−(ru
where f may be singular at one or both end points by applying the Krasnosel'skii fixed point theorem. They assumed either f is continuous on (a,
In [12] , Xuan investigated the existence of symmetric positive solutions for the following singular second-order differential equation
where λ > 0 is a positive parameter, a(t) : (0, 1) → [0, ∞) is continuous, symmetric and may be singular at t = 0 or t = 1. In [10] , Wang considered positive periodic solutions for singular systems of first order problem
where λ is positive parameter. The existence and multiplicity of positive periodic solutions of the problem (6) were established by using the Krasnosels'kii fixed point theorem. Agarwal et al. [2] obtained the existence of positive solutions for λ on a suitable interval for the Sturm-Liouville boundary value problem
by applying the fixed point theorem in a cone. Motivated and inspired by work of Wang [10] , we are concerned with the existence and multiplicity of positive solution to (1) -(2) by applying Krasnosel'skii fixed point theorem. This result generalized the work of Henderson and Wang [7] who considered positive solutions for nonlinear eigenvalue problem (1) with Dirichlet boundary conditions
where
is continuous and does not vanish identically on any subinterval,
Henderson and Wang [7] proved the following theorem 
there exist at least one solution of (1), (9) in K.
Theorem 1.2. Assume that conditions (A), (B) and (C) are satisfied. Then for each λ satisfying
By a positive solution of (1) - (2), we mean a solution u(t) such that u(t) > 0 for 0 ≤ t ≤ 1. Let X be the Banach space C[0, 1] endowed with norm
Our basic assumptions are:
We begin by introducing the notation:
The singularity referred to the above is imposed by the condition
We will also need the function
Green's Function and bounds
Now we are going to find positive solutions of the second order problem (1) -
.
Lemma 2.1. (see [5] ) The solutions of (1)- (2) is equivalent to the solution of u(t) where
It is clear that
D = αβ + αγ + αδ > 0, G(t, s) > 0 if (t, s) ∈ (0, 1) × (0, 1). For all s, t ∈ [0, 1],
σG(s, s) ≤ G(t, s) ≤ G(s, s)
Preliminary Results
In this section, we will show some lemmas that are useful in the proving the existence and multiplicity of positive solutions for the problem (1) - (2). Define the cone K in X by
where σ is defined in Lemma 2.1. Let Ω r = {u ∈ K : 0 < u < r} for r > 0. It is clear that ∂Ω r = {u ∈ K : u = r}. Transform the problem (1) -(2) into a fixed point problem. Consider the operator T λ : K\{0} → X defined by
Lemma 3.1. Assume (A1) -(A2) hold. Then u ∈ K\{0} is a positive fixed point of T λ if and only if u is a positive solution of (1) -(2).
In the next lemma, we show that T λ is completely continuous and maps K into itself.
Thus T λ u ∈ K if u ∈ K\{0} and hence T λ (K\{0}) ⊂ K. A standard argument can be used to show that T λ : K\{0} → K is completely continuous. Let u ∈ K and > 0 be given. By continuity of f , there exist δ > 0 such that for any y ∈ (0, ∞) with
|(T u)(t) − (T w)(t)|
= λ 1 0 G(t, s)g(s)(f (u(s)) − f (w(s))ds ≤ λ 1 0
G(t, s)g(s)ds.
Thus T u − T w ≤ λ 1 0
G(t, s)g(s)ds
and T is continuous. Let {u n } be a bounded sequence in K\{0}. Since f is continuous, there exist N > 0 such that |f (t, u n (t))| ≤ N for all n where t ∈ [0, 1].
G(s, s)g(s)ds.
By choosing subsequences, there exists {T u n j } which converges uniformly on [0, 1]. Hence T is completely continuous mapping.
The following fixed-point theorem of cone expansion or compression type is crucial in the proofs of our results. [6] , [8] )(Guo-Krasnosel'skii fixed point theorem) Let X be a Banach space and let K ⊂ X be a cone in X. Assume Ω 1 , Ω 2 are bounded open subsets of X with 0 ∈ Ω 1 ⊂ Ω 1 ⊂ Ω 2 and let
Lemma 3.3. (see
Then F has a fixed point in K ∩ (Ω 2 \Ω 1 ).
Our next lemma gives some relationships between the functions f and f * .
Lemma 3.4.
(see [9] ) Assume (A1) holds. Then f * ∞ = f ∞ .
In the next two lemmas, we get lower and upper estimates on operator T λ . Define Γ = σ 
G(s, s)g(s)ds.
(10)
Lemma 3.5. Assume (A1) holds and let η > 0 be given. If u ∈ K\{0} and f (u(t)) ≥ u(t)η for t ∈ [0, 1], then
Proof. From the definitions of T λ u and K\{0}, it follows that
G(s, s)ηu(s)g(s)ds
where Γ is defined in (10) . Hence T λ u ≥ λΓη u . This completes the proof. 
Proof. Let Ω r := {u ∈ K : u < r}. From the definition of T λ , we have that
ds. This completes the proof.
The following lemma is a weak form of Lemma 3.6. s)g(s) ds. This completes the proof.
G(s, s)g(s)ds,
where M r = 1 + max t∈[0,r] {f (t)} > 0. Proof. Since f (u(t)) ≤ M r for t ∈ [0, 1], we have T λ u(t) = λ 1 0 G(t, s)g(s)f (u(s)) ds ≤ λ 1 0 G(s, s)g(s)f (u(s))ds ≤ λ M r 1 0 G(s, s)g(s)ds for u ∈ ∂Ω r . Hence T λ u ≤ λ M r 1 0 G(s,
Main Results
Our existence result is the following theorem due to Wang [10] . If
Then from Lemma 3.5,
If
Then by Lemma 3.3, from (11) and (12), T λ has a fixed point in Ω r 2 \Ω r 1 . Consequently, (1) - (2) has a positive solution for λ > λ 0 . Part (b). By Lemma 3.7, there exists 0 < λ < λ 0 such that
Example
Consider the following boundary value problem
where λ is a positive parameter where
Thus f (u) > 0 for u > 0. It is easy to see that 
